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Abstract—The wide adoption of a new type of electric trains
results in multiple frequency-scale instability problems, such as
low-frequency oscillation (LFO), harmonic resonance, and har-
monic instability. Among them, LFO has been commonly reported
at electric railway depots with multiple-energized electric trains
around the whole world, thus attracting widespread research at-
tention. LFOs cause adverse effects on the system stability and
protection infrastructure of both the traction network and electric
trains. This article presents a comprehensive review of LFOs that
consider both academic theoretical analysis and industrial engi-
neering requirements. A unified mathematical model of the traction
network and electric train is derived with a view to revealing the
mechanism and factors that induce LFOs when these two systems
interact. The article also draws deep insights from results of exper-
imental measurements and industrial mitigation schemes already
implemented in Chinese railway systems. A variety of mitigation
techniques and recommendations based on theoretical principles
and practical constraints are presented.

Index Terms—Electric railway, elimination methods, low-
frequency oscillation, stability analysis.

I. INTRODUCTION

IN RECENT years, the enormous rise in demand for trans-
portation via high-speed/heavy-haul electric railways has

motivated rapid development of modern electric trains. Although
these trains have advantages which include excellent traction and
environment-friendly performance, yet this circumstance also
introduces new challenges in terms of poor power quality and in-
stability to both the traction network and multiple electric trains
that are powered by the networks [1]–[3]. Several low-frequency
oscillation (LFO) incidents, from 1 Hz to several Hertz, have
been reported in the literatures [4]–[6]. This oscillation phe-
nomenon differs significantly from traditional power-angle and
voltage instabilities in power systems [7]. The LFO is due to
the interaction between the traction network and the power-
electronics interfaces in electric trains. As a result, the LFO
requires the small-signal stability analysis [8]. Furthermore, this
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oscillation has the greatest effects on the traction network and is
rapidly attenuated through traction transformers when it flows
to the utility grid.

The earliest reported LFO phenomenon occurred in 1996 in
Norway, where a rotating converter was adopted in a traction
substation (TSS), when introducing the NSB locomotive class
EL18 [9]. Subsequently, in Germany, Sweden, and Norway, the
traction network has been interfaced with rotating converters that
transform three-phase utility power into single phase to power
the catenary network [10]. The electromechanical characteristics
of rotating converters have been identified as the main cause of
the LFO [11].

However, for other electric railway systems, the mechanism
of LFO remains unclear. Most of these systems rely on the V/v-
or Scott- connection traction transformers instead of rotating
converters. More recently, from 2008 to 2016, LFOs have been
observed in increasing frequency at railway depots in China,
Switzerland, and France [12], [13]. These oscillations result
in system protection malfunction and increase the unscheduled
downtime of electric trains.

As a result of the aforedescribed problems, a variety of tech-
niques to solve this problem has been reported. Some of these
are field test and data analysis [2], [14], time-domain simulation
[4], [15]–[17], hybrid time-domain, and frequency-domain the-
oretical analysis (i.e., eigenvalue method [3], [8] and frequency
domain analysis [18]–[21]), etc.

The field test method involves the intentional excitation of
the LFO phenomenon by simulating the causal conditions. Ac-
cording to the analysis of measurement data, the factors and
conditions that induce LFO are unfolded. However, field tests
have been limited in finding the mechanism. An alternative
method is time-domain simulation by software such as MAT-
LAB, PSCAD, or Simpow [15]–[17]. For example, the stability
of the train-network system with a long catenary network and
one train was simulated in PSCAD. This investigation revealed
that the chosen topology for rectifier bridges could affect the
system’s stability significantly [16].

Because the LFO is a type of small-signal instability caused by
the interaction between a traction network and electric trains [8].
There are two categories of theoretical methods for system-level
LFO analysis, i.e., eigenvalue analysis based on the state-space
model in the time-domain [22]–[24], and impedance-based anal-
ysis in the frequency-domain [25]–[27]. The superior features
of the former approach are the identification of the oscillatory
modes, damping ratio, and sensitivity index of the system vari-
ables [28]. However, due to the wide timescale dynamics of
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converters, the electromagnetic dynamics of the system must be
included in the state-space model. This significantly increases
the system order and thus requires high computational resources
[29], [30]. The later approach extracts the dynamics of the
converters at their terminals by using frequency-domain transfer
functions and then translates them to electric impedances. This
makes the model for system stability amenable to investigation
by means of circuit theory [26], [29]. The main superior aspect of
the impedance-based methods lies in black-box modeling, i.e.,
measurements without the prior knowledge of detailed system
parameters [31].

Moreover, many methods, in addressing the linearization of
power electronic converters are also classified into two cate-
gories based on the operation points or trajectories. These are
linear time invariant (LTI) models [32] and linear time-periodic
models [33], [34]. The averaged-impedance model is a kind
of LTI model that is based on state-space averaging, and it
is accurate in identifying the low-frequency instability issues
when the frequency is below the Nyquist frequency (fsw/2),
e.g., the LFO or subsynchronous oscillation. The dq impedance
modeling [35] and harmonic linearization [36] are two main
approaches to build the averaged-impedance model for an ac
systems. The dq impedance modeling transfers the ac system to a
dq-frame and then adopts small-signal linearization at dc steady-
state operation point. Moreover, the harmonic linearization adds
an assumed perturbation ac signal and then derives the response
signal of the disturbance based on the harmonic balance principle
and small-signal linearization. In addition, when the frequency
of the instability problem is above fsw/2, the dynamic behavior
of the pulsewidth modulation (PWM) should be considered [37].
Harmonic state space is applicable for this purpose and it is a
kind of multiple frequency model [34]. Additionally, when the
LFO occurs, the oscillation waveforms contain predominantly
f0 ± fosc components instead of oscillatory componentfosc [21]
(where f0 is the fundamental frequency of the power system
and fosc is the oscillatory frequency of the dc-link voltage).
Thus, a unified impedance model has been proposed to solve
this phenomenon defined as a frequency coupling issue [38],
which is a special case of the multiple frequency model.

The LFO phenomenon arises from the interaction between
controllers of multiple electric trains and different combinations
of network electric components and parameters [5], [8]. This
article provides a wide range of combinations of the electric
parameters to model the traction network. A detailed small-
signal model of the electric train considering a complicated
controller is derived together. Therefore, this article contributes
to the subject of the LFO phenomenon in electric railways.
The main contributions are the identification of the traction
network and the electric trains as an equally interactive system,
comprehensive discussion of the features of the phenomena,
formation mechanism, and eliminating approaches based on a
large amount of operational data from actual railway systems.
Furthermore, the article elaborates on suggested approaches
toward eliminating LFO.

The remainder of this article is organized as follows. Section II
surveys typical field LFO cases that provide details on their
features and summaries of the LFO events. Modeling of the

TABLE I
LFO CASES WITH ROTARY CONVERTER

Fig. 1. Multiple electric trains in a railway depot under LFO experiments.

train-network system and modeling of the electric trains are
discussed in detail in Section III. Section IV presents the mech-
anism and influential factors of the LFO data analytically and
mathematically. In Section V, the suppression methods of LFO
are discussed from the onboard and traction network aspects.
The standards for addressing LFOs are discussed in Section VI.
Finally, Section VII concludes the article.

II. LFO PHENOMENA IN ELECTRIC RAILWAYS

A. LFO Field Tests

There are two types of LFO scenarios depending on the
intervention of the rotary frequency converter. Some electrified
railways in Norway, Sweden, Germany, and Switzerland have
adopted the rotary frequency converter as the power supply
solution [11]. Table I presents a survey of this type of LFO cases
over the whole world. The typical oscillatory frequency fosc is
approximately 10–30% of the respective power system’s funda-
mental frequency f0. The rotary converter, which is used for the
power supply mode variations in TSSs, excites oscillations, i.e.,
by active power changes in the 16⅔ Hz ac railway system.

The second scenario of LFO phenomena occurs mainly in
a rail depot, where multiple trains are preparing for operation
and located far from the TSS [14]. Multiple trains in the rail
depot shown in Fig. 1 are energized simultaneously by the
pantographs, leading to a 0.6–7 Hz network voltage oscillation.
As a result, the four-quadrant converters (4QCs) of the electric
trains are locked and shut down. Alternatively, different types
of electric trains in different railway systems have experienced
similar LFOs in their rail depots, although the frequencies were
different. Some cases of LFO phenomenon that involve a rail
depot without a rotary converter are listed in Table II.

Fig. 2 shows the measurements of the LFO in a railway depot
with an increasing number of electric trains connected to the
traction network. The voltage and current waveforms are seen
to oscillate when the sixth train is connected [see Fig. 2(b)].
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TABLE II
LFO CASES WITHOUT ROTARY CONVERTER

Note: Locations in No. 5–9 are in China.

Fig. 2. Measured voltage and current waveforms with different train numbers:
(a) less than 5 trains; (b) 6 trains; (c) 7 trains [14].

Consequently, the oscillatory voltage and current waveforms
contain a significant low-frequency envelope. Thus, it is called a
low-frequency oscillation. It is worthwhile to note that traction
lockout arose in the tested trains, owing to the voltage and
current fluctuating intensely from 350–500 ms. This indicates
that multiple electric trains may easily destabilize the traction
network and change the oscillatory frequency.

Furthermore, to investigate the oscillatory frequencies and
modes, field tests were done in another Chinese railway depot
in January 2016. When seven or eight trains were connected to
the traction network, the voltage and current waveforms of the
traction network started to oscillate. A schematic diagram of the
actual test scenario is shown in Fig. 3. With the number of trains
increasing, the voltage and current waveforms in different posi-
tions (TSS, switching station, and train) are recorded. Obviously,
three different oscillatory modes can be involved: 1) periodic
fluctuation approximately 0.6 to 0.8 Hz; 2) periodic fluctuation
around approximately 2 Hz; and 3) irregular fluctuation (unsta-
ble oscillation). Among these, irregular fluctuation contributes

Fig. 3. Actual test and waveforms with three different oscillation/instable
modes. 0–9 s, the oscillation is increasing amplitude; 9–17 s, the oscillation
is attenuated and equally oscillation, it is turned instability after 17 s.

to the worst situation of current magnitude amplification (max.
3600 A).

B. LFO Features and Adverse Impacts

Experiences from the China’s railway system show that the
critical number of trains leading to the LFO is approximately
6–8. This is further dependent on the grid strength and train type.
It is noteworthy that the values of the current are usually small,
so the trains work under light-loading condition (low-power
operation mode) [21]. Moreover, with increasing train numbers,
the relative strength of the traction network correspondingly be-
comes weaker. Hence, an LFO occurs easily under the condition
of a weak network and multiple electric trains.

1) When an LFO occurs in an ac railway traction power sys-
tem, the instantaneous value envelopes of the line voltage,
current, and dc-link voltage in the train-network system all
show a low-frequency (0.6–7Hz) fluctuation with constant
amplitude and frequency.

2) The presence of an LFO is related to the number of trains.
The magnitude of the fluctuation is directly proportional
to the number of trains. Alternatively, the weakness of the
traction network system can be also regarded as increasing
operation number of the electric trains.

3) LFO usually occurs under special loading conditions of
the train-network system. For instance, in China’s railway
systems, this circumstance occurs when multiple trains
are housed at the rail depot but remain connected to the
traction network to power auxiliary loads (light-loading).
The auxiliary system draws power directly from the dc-
link through the main 4QC. No LFO occurs when the
auxiliary system draws power from the auxiliary winding
of traction transformers, because the 4QC is not working.

The field tests also reveal that during the LFO, the direction of
the power changes periodically [13]; thus the outer voltage loop
and the inner current loop of the traction converter fail to reach
the desired references. Therefore, the LFO, occurring under
special working conditions, such as the light-loading condition,
could seriously deteriorate the system’s stability and dynamic
performance.

Some adverse impacts of such LFO phenomenon on the
normal operations of the electric railways include:
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Fig. 4. Equivalent circuit of the electric railway system.

1) For instance, an LFO occurred at Qingdao and Hudong
depots in China [39] , the oscillatory voltage exceeded
40 kV, setting off the operation of the power protection
system. This resulted in power outage and interruption in
services.

2) Voltage and current distorted the waveforms and generate
continuous overcurrent (>3 kA), as shown in Fig. 3.
These create potential damage to the onboard IGBT of
the electric train and insulation breakdown of the network
equipment.

3) A low-frequency component modulated to the
fundamental-frequency voltage/current rapidly leads
to the saturation state of the iron cores of the traction
and onboard transformers [40]. There is also a resulting
audible noise at the same low frequency. In addition, the
low-frequency component causes higher power losses,
temperature rise, and mechanical vibration in traction
transformers.

III. MODELING OF THE TRAIN-NETWORK SYSTEM

To investigate the mechanism of LFO and reveal different
features of the field phenomena, it is required to identify the
interaction between the traction network and the electric trains.
First, the detailed models of two parts are discussed in this
section.

The traction network system has three main constituents,
i.e., the utility grid, TSS, and catenary network. Transmis-
sion/distribution lines interconnect these stages. For LFO anal-
ysis, the distributed capacitance of the transmission lines and
the catenary network can be neglected in the low-frequency
range. Thus, the impedance of the traction network can then
be equivalent to a series circuit of resistor and inductor as seen
from the trains (shown in Fig. 4.)

Moreover, the electric train has 4QCs, dc-link voltage loop,
traction inverter, traction motor, and auxiliary system. During
the operational state, since inverters and induction motors do
not operate when trains are energized in the rail depot, they
are neglected, and the auxiliary system is equivalent to a large
resistor.

A. Modeling of the Traction Network

The equivalent circuit of the traction network can be simplified
to a series of impedances of different electrical components. The
detailed parameters are listed in Table III along with different

combinations of possible electrical parameters, which are ben-
eficial in understanding the mechanism of network variables.

1) Equivalent Impedance of the Utility Grid: At the point
of connection to the utility grid in the TSS, the equivalent
impedance of the power system is

Xu =
U2
g

SSC
, Ru =

1

K
× U2

g

SSC
(1)

where Ug is the rated voltage of the utility, SSC is the rated
capacity of the utility grid equipment connected to the TSS, and
K is reactance resistance ratio. The 110-kV utility grid usually
connects to a conventional railway, which has adopted the direct-
supply catenary and its feeder catenary. On the other hand, a
220-kV utility voltage is powered for high-speed railways, which
usually adopt the AT catenary system. Universal cases of utility
grid are listed in Table III.

2) Equivalent Impedance of the TSS: The equivalent
impedance of the TSS consists of two components: the
impedance of traction transformer RT , XT , and that of catenary
RLine, XLine. Here taking the V/x-mode traction transformer
as an example, RT , XT are expressed as

RT =
Pk

ST
× U2

B

ST
, XT =

Uk%

100
× U2

B

ST
(2)

where RT and XT are the resistance and reactance, Pk, UB , ST ,
andUk% are the short-circuit loss, secondary-side voltage, rated
capacity, and short-circuit voltage percentage of the traction
transformer, respectively.

3) Equivalent Impedance of the Catenary Network: The
catenary network, including the AT mode (i.e., 2×25kV), direct
power supply mode (i.e., 1×25kV, DPS) and DPS with a neg-
ative line has different line impedances and associated angles
adopted in protection applications. The impedance is relevant
to the distance of the catenary and the power supply mode of
substations. The ATs placed in ATS and SP can be neglected
from the LFO analysis because their linkage impedances have
a limited effect on the input impedance from the electric train
[41]. Therefore, the input impedance, viewed from the electric
train can be expressed as

RLine =
1

2
l × ricosϕi, XLine =

1

2
l × risinϕi (3)

where l is the length of the catenary lines. ri∠ϕi is unit
impedance per kilometer of three catenary modes, 0.18∠75o,
0.5∠70o, and 0.32∠73o, respectively. The coefficient 1/2 in (3)
represents the double-line traction network mode.

4) Equivalent Impedance of the Whole Traction Network: It
is necessary to transfer the three-phase impedance to a single-
phase catenary network depending on the different connections
of the traction transformers. The equivalent circuit of the traction
network connected to the V/x-mode traction transformer and
the corresponding circuit in α-phase are presented in Fig. 5. Zα

represents the equivalent impedance on the secondary side of
the V/x transformer Zα = 2ZT . Similarly, we can obtain the
equivalent impedances of the other transformers [42].

The three-phase power grid, through different connections
of traction transformers, can be transferred to the single-phase
catenary network in this way.
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TABLE III
LIST OF THE CASE STUDIES AND THEIR PARAMETERS FOR THE TRACTION NETWORK OF INTEREST

When the train (or load) locates only in phase-α, the equiva-
lent impedance of the TSS is

Zg = Rs + jXs

=
2

k2
(Ru + jXu) + 2(RT + jXT ) + (RLine + jXLine)

(4)

where k represents the transformation ratio of the traction trans-
former. Because the capacitance in the traction network can be

neglected in the low-frequency range, the reactance is made
equivalent to a pure inductance Ls. Therefore, from (1)–(4),
the impedance matrix of the traction network in the dq-frame
can be expressed as

Zg
dq(s) =

[
Rs + sLs −ω0Ls

ω0Ls Rs + sLs

]
(5)

where the superscript “g” represents the traction network and
Ls = Xs/(2πf0).
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TABLE IV
PARAMETERS OF TRAIN-NETWORK SYSTEM

Fig. 5. Equivalent circuit of the traction transformer, where Zu, ZT , and Zα

are impedance of the utility grid, the single-phase impedance of the traction
transformer, and the equivalent impedance in the second side of the V/x traction
transformer, respectively.

Remark 1: The traction network is equivalent to a series of
impedances and is combined to study the LFO problems. Almost
all combination of main electric components forms the potential
impedance orXs /Rs values. The proportion of each component
also represents the participation factor of the resulting LFO.

B. Modeling of the Electric Train

Electric trains normally adopt a voltage source PWM rectifier.
The phase-locked loop (PLL) is used to capture the phase of the
grid voltage and then achieve the synchronization between the
ac voltage and ac current [43]. In addition, direct power control
can obtain the synchronization current reference directly without
PLL [44]. In this article, the voltage synchronization method is
mainly considered in the modeling.

There are different topologies of the onboard main circuit.
Among them, in a tractive unit, are single two-level, three-level,
interlaced two-level converters. The three-level converter can be
equivalent to the interlaced two-level converter when the phase
difference of the carriers of the two converter is 180° [45]. In

Fig. 6. Circuit and control system of the four-quadrant converter.

Fig. 7. Relationships among different dq-frames. (a) System dq-frame and
controller dq-frame. (b) Ideal system dq-frame and actual system dq-frame.

the dual interleaved converters, each converter has the same
controller structure but different carriers with phase shifting.
Parallel converters with asynchronous carriers can cause har-
monic resonance and instability due to the sideband harmonics
produced by the pulsewidth modulator (PWM) [46]. However,
in the low-frequency range, their PWM processes are equivalent
to the average model. Therefore, the total impedance of the
different trains can be simplified as the parallel result of 4QC
with different numbers. One simplified converter is shown in
Fig. 6.

In Fig. 6, the controller of the 4QC includes PLL, current
controller (CC), and dc-link voltage controller (DVC). The CC
is realized in dq-frame with a PI controller. The point of common
coupling (PCC) voltage space vector and current space vector are
us = [ud uq]

T and is = [id iq]
T , respectively. The modulation

voltage space vector is uab = [uabd uabq]
T .

Remark 2: Different topologies of the train’s converters can
be simplified as a set of parallel simple two-level converters
that are modeled in the small-signal averaged model. In the low-
frequency range, this assumption is necessary to handle different
types of trains if we do not consider the impact of the PWM.

1) Modeling of Constructing Virtual β-Component in the
Single-Phase Converter: First, in both single-phase and three-
phase converters, due to the dynamic performance of the PLL,
the converter has two dq-frames: one is the system dq-frame
(labeled superscript “s”), and the other is the controller dq-frame
(labeled superscript “c”) [35]. The relationship between two
dq-frames is shown in Fig. 7(a).
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For the balanced three-phase system, three-phase voltages can
be transferred to the two-phase static reference frame (αβ) by the
Clarke’s transformation, which can construct two components
whose amplitudes are equal at any frequency. However, for the
single-phase system, a virtual β component must be constructed
to achieve Park’s transformation by some methods, such as a
T/4 delay, second-order generalized integrator (SOGI), all-pass
filter, etc., [47]. In general, in the nonfundamental frequency, the
virtualβ-component generated by these methods has some phase
or amplitude error compared with the ideal β-component, which
will cause some errors in Park’s transformation [5]. Therefore,
the system dq-frame of the single-phase system is then divided
as an ideal system dq-frame (labeled superscript “s”) and actual
system dq-frame (labeled superscript “s′”). The ideal system
dq-frame is transferred by the ideal β component and the actual
system dq-frame is transferred by the virtual β component.
The relationship between the two system dq-frames is shown
in Fig. 7(b).

In the frequency domain, the transfer matrices of the voltage
and current between two system dq-frames can be expressed as

[
Δus′

d

Δus′
q

]
=

1

2

[
Au(s) Bu(s)

−Bu(s) Au(s)

]
︸ ︷︷ ︸

Hudq(s)

[
Δus

d

Δus
q

]
(6)

[
Δis

′
d

Δis
′

q

]
=

1

2

[
Ai(s) Bi(s)

−Bi(s) Ai(s)

]
︸ ︷︷ ︸

Hidq(s)

[
Δisd
Δisq

]
(7)

where

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Au(s) =
[
1
2Hαu(s+ jω0) +

j
2Hβu(s+ jω0)

]
+[

1
2Hαu(s− jω0)

j
2Hβu(s− jω0)

]
Bu(s) =

[
j
2Hαu(s+ jω0)− 1

2Hβu(s+ jω0)
]
+[−j

2 Hαu(s− jω0)− 1
2Hβu(s− jω0)

]
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ai(s) =
[
1
2Hαi(s+ jω0) +

j
2Hβi(s+ jω0)

]
+[

1
2Hαi(s− jω0)− j

2Hβi(s− jω0)
]

Bi(s) =
[
j
2Hαi(s+ jω0)− 1

2Hβi(s+ jω0)
]
+[−j

2 Hαi(s− jω0)− 1
2Hβi(s− jω0)

]
.

Equations (6) and (7) can be used to analyze the impact of
any method for constructing the virtual β-component on the
impedance if the transfer functionsHα(s) andHβ(s) are known.

2) Modeling of the PLL: From Fig. 6, the transfer function
of the PLL is derived as

Δθ =
Hpll(s)

s+ u0
dHpll(s)︸ ︷︷ ︸

Gpll(s)

Δus′
q . (8)

The relationships of the voltage space vector, the current
space vector, and the modulation voltage space vector between
the actual system dq-frame and the controller dq-frame are

respectively expressed as follows:[
Δuc

d

Δuc
q

]
=

[
1 0
0 1− u0

dGpll(s)

]
︸ ︷︷ ︸

Gupll(s)

[
Δus′

d

Δus′
q

]
(9)

[
Δicd
Δicq

]
=

[
0 i0qGpll(s)
0 −i0dGpll(s)

]
︸ ︷︷ ︸

Gipll(s)

[
Δus′

d

Δus′
q

]
+

[
Δis

′
d

Δis
′

q

]
(10)

[
Δuc

abdref

Δuc
abqref

]
=

[
Δus

abdref

Δus
abqref

]
−
[
0 −u0

abqrefGpll(s)

0 u0
abdrefGpll(s)

]
︸ ︷︷ ︸

Gdpll(s)

[
Δus′

d

Δus′
q

]

(11)

where the superscript “0” means the steady-state value.
3) Modeling of the DC-Link Voltage Loop: The dc-link volt-

age loop is used to keep the dc-link voltage stable and provides
the reference signal for the current controller. In Fig. 6, the
disturbance of the reference signal of the d-axis current is
expressed as follows:

Δirefd = −HvΔudc. (12)

According to the principle of power conservation, and ne-
glecting the power losses in the rectifier switches, the dc-link
voltage disturbance can be transformed to ac side in the ideal
system dq-frame as follows:

Δudc =
[
G1(s) G2(s)

]︸ ︷︷ ︸
Gi(s)

[
Δisd
Δisq

]
+
[
G3(s) G4(s)

]︸ ︷︷ ︸
Gv(s)

[
Δus

d

Δus
q

]

(13)
where

G1(s) =
0.5u0

d

sCdu0
dc + u0

dc/RL
, G2(s) =

0.5u0
q

sCdu0
dc + u0

dc/RL

G3(s) =
0.5i0d

sCdu0
dc + u0

dc/RL
, G4(s) =

0.5i0q
sCdu0

dc + u0
dc/RL

.

4) Modeling the Current Loop and Modulation Block: The
current loop provides the reference signal of the modulation
voltage. The reference signal of the modulation voltage can be
expressed as[

Δuc
abdref

Δuc
abqref

]
=

[
Δuc

d

Δuc
q

]
−Hi(s)

[
Δirefd −Δicd
Δirefq −Δicq

]

+

[
0 ω0L

−ω0L 0

]
︸ ︷︷ ︸

GωL

[
Δicd
Δicq

]
(14)

where Hi(s) =

[
Hc(s) 0
0 Hc(s)

]
.

According to circuit theory, in the ideal system dq-frame, the
actual modulation voltage can be expressed as[

Δus
abd

Δus
abq

]
=

[
Δus

d

Δus
q

]
−
[
R+ sL −ω0L

ω0L R+ sL

]
︸ ︷︷ ︸

Grl(s)

[
Δisd
Δisq

]
. (15)
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Fig. 8. Small-signal block diagram of the 4QC.

Due to the delay of the digital control and PWM [35], the
relationship between the reference signal of the modulation
voltage and the actual modulation voltage is expressed as[

Δus
abd

Δus
abq

]
= Gd(s)

[
Δus

abdref

Δus
abqref

]
(16)

where Gd(s) = e−Tds and Td is the delay time of the PWM.
According to the principle of Taylor series expansion, and
neglecting the high-order items, in the low-frequency range, it
will then be equivalent to a one-order inertial link

Gd(s) =
1

Tds+ 1
. (17)

5) Impedance Model of One 4QC: In summary, the small-
signal block of the 4QC is shown in Fig. 8.

The impedance-based model of the 4QC in the ideal system
dq-frame can be expressed as

Zdq = [I−Gd [(Gdpll +Gupll)Hudq +HvHiGv

+(Hi +GωL)GipllHudq]]
−1

· [Grl +HvGdHiGi +Gd(Hi +GωL)Hidq] . (18)

The trains can be simplified as the paralleled result of 4QC
with different numbers. Hence, the equivalent impedance of one
train is defined as

Zt
dq(s) =

1

p
Zdq(s) (19)

where p is the number of paralleled 4QCs.
Remark 3: An electric train is a typical single-phase ac sys-

tem, owning a virtual but nonexistent β-axis, which differs from
a balanced three-phase system. As a result, the single-phase
system usually adopts some approaches, such as T/4 delay, or
SOGI to transfer the α-axis. The T/4 delay can guarantee the
orthogonal signal at the fundamental frequency, yet it could in-
troduce phase angle errors at the other frequencies. Alternatively,
the SOGI can obtain a 90o shifting at all frequencies, yet it also
leads to an amplitude error at other frequencies. Therefore, the
errors of amplitude and/or angle are inevitable, regardless of
how we define or introduce the virtual β-axis for a single-phase
system.

6) Analytical Negative Resistor of the Train Impedance:
In (18), the terms affected by PLL can be extracted and

expressed as {
A = (Gdpll +Gupll)Hudq

B = (Hi +GωL)GipllHudq.
(20)

In (20), the voltage unit feedforward is considered. Moreover,
for steady-state values, the relationship between the ac voltage
and the modulation voltage of the rectifier can be expressed as{

u0
abdref = u0

d + ω0Li
0
q

u0
abqref = −ω0Li

0
d.

(21)

Due to the low-power operation mode of the rectifier, the ap-
proximate relationships u0

abdref ≈ u0
d, i

0
d ≈ 0 can be obtained.

Substituting them into (20), it can be found that the impact of
PLL on the impedance is slight under the low-power operation
mode with considering the voltage unit feedforward. Therefore,
to simplify the impedance model, the PLL can be neglected in
analyzing the LFO.

Furthermore, to clarify the impacts of the control loops on
the impedance model, the simplified and analytical impedance
model is derived in the controller dq-frame as [21]

Zc
dq(s) =

[
Zc
dd(s) Z

c
dq(s)

Zc
qd(s) Z

c
qq(s)

]
(22)

where⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Zc
dd(s) =

Δuc
d

Δicd
= R+sL+Gd(s)Hi(s)+Gd(s)Hi(s)Hv(s)G1(s)

1−Gd(s)−Gd(s)Hi(s)Hv(s)G3(s)

Zc
dq(s) =

Δuc
d

Δicq
= − [1−Gd(s)]ω0L

1−Gd(s)−Gd(s)Hi(s)Hv(s)G3(s)

Zc
qd(s) =

Δuc
q

Δicd
= ω0L

Zc
qq(s) =

Δuc
q

Δicq
= R+sL+Gd(s)Hi(s)

1−Gd(s)
.

In the low-power operation mode, the transfer function G3(s)
can be neglected due to the small d-channel current. We let s =
jω and neglect the higher order items (the order ofω is more than
two order). The detailed and analytical impedance is expressed
as ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Zc
dd(jω) ≈ R+ 1

Td

(
L− Kic

ω2 − 0.5mKpCKpV

ω2Cd

)
+j

(
ωL− R+KpC

Tdω

)
Zc
dq(jω) ≈ −ω0L

Zc
qd(jω) ≈ ω0L

Zc
qq(jω) ≈ R+ 1

Td

(
L− KiC

ω2

)
+ j

(
ωL− R+KpC

Tdω

)
(23)

where m = u0
d/u

0
dc, u0

d is the steady d-channel voltage, and u0
dc

is the steady dc-link voltage.
From (23), it can be found that the dc-link voltage PI controller

will cause the negative resistor in the d-d channel impedance and
the integral gain of CC will also cause the negative resistor in
both the d-d channel impedance and q-q channel impedance.
These will initiate the negative resistor area (NRA) of the train’s
impedance. The negative resistor can be expressed simply as

Rne(jω) = − KiC

Tdω2
− 0.5mKpCKpV

TdCdω2
. (24)
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Fig. 9. Power supply sectors in the electric railway.

Fig. 10. Multitrain interaction system in one power supply sector. (a) Circuit
model. (b) Simplified model.

In (24), due to 0.5m/Cd � 1, the impact of the dc-link
voltage PI controller on the negative resistor is more sensitive
than that of the integral gain of CC. The impact of negative
resistor on the LFO in the train-network system will be carefully
discussed in the following section.

IV. MECHANISM AND INFLUENTIAL FACTORS OF LFO

In the conventional ac electric railway, every power supply
sector, shown in Fig. 9, is separated. The LFO easily occurs
when multiple trains are simultaneously energized in a rail depot.
Hence, this article focuses only on one power supply sector.

The multitrain interaction system in one power supply sector
can be equivalent to the circuit model shown in Fig. 10(a), which
includes energized trains in the rail depot, normal operation
trains, and impedance of the traction network system. It should
be noted that the energized trains in the rail depot have the same
operation condition and their energized points are close to each
other. Therefore, the energized trains in the rail depot can be
aggregated as one impedance, as shown in Fig. 10(b).

Furthermore, in Fig. 10(b), the multitrain interaction system
considers different operation conditions and different energized
positions of trains. Taking the 3-bus system shown in Fig. 10(b)
as an example, according to the impedance aggregation theory

[48], [49], at Bus-2, the equivalent impedance of the load mod-
ulus can be aggregated as follows:

YL(s) = n
[
Zt

dq(s)
]−1

+
[
Zg

dq−2(s) + Zt
dq−(n+1)(s)

]−1

(25)
where n is the number of energized trains in a rail depot.

Therefore, the multitrain interaction system can also be an-
alyzed by the impedance-ratio criterion. Additionally, in (25),
it can be found that the paralleled normal operation train will
reduce the magnitude of the equivalent load impedance, which
implies that the accepted number of the energized trains in
the rail depot will be reduced. Moreover, the stability of the
subsystem 2 in Fig. 10(b) should be also checked to avoid the
local instability before impedance aggregation. In this article,
we focus on the mechanism analysis of the LFO to enable the
number of normal operating trains in (25) is taken as zero. There-
fore, the impedance-ratio matrix of the train-network system is
derived as

Tdq(s) = nZg
dq(s)×

[
Zt

dq(s)
]−1

. (26)

A. Formation Mechanism of the LFO

In the dq-frame, the impedance ratio matrix of the train-
network system in (26) is one 2 × 2 matrix. For this multiple
input and multiple output (MIMO) system, the stability can be
determined by the generalized Nyquist criterion (GNC) [50].
If the Nyquist curves of the eigenvalues of (26) encircle the
point (–1, 0) in the s plane, the train-network system is unstable.
To calculate the eigenvalues, the impedance ratio matrix can
be transformed from the dq domain to the modified sequence
domain [51], [52]. The impedance-ratio matrix in the modified
sequence domain is expressed as

Tseq(s) = AZ ·Tdq(s) ·A−1
Z (27)

where AZ = 1√
2
[
1 j
1 −j

],A−1
Z = AH

Z = 1√
2
[
1 1
−j j

].

Furthermore, (27) can be expanded as

Tseq(s) = n ·AZ · Zg
dq(s) ·A−1

Z · [AZ · Zt
dq(s) ·A−1

Z

]−1

= n

[
Zg
pp(s) 0
0 Zg

nn(s)

] [
Y t
pp(s) Y t

pn(s)
Y t
np(s) Y

t
nn(s)

]
. (28)

It should be noted that the transformation from the dq domain
to the modified sequence domain is linear, and the eigenvalues
of the impedance ratio matrixes of (26) and (28) are the same
[51]. The accurate eigenvalues can be expressed as

λ1,2 =

n
(Zg

ppY
t
pp + Zg

nnY
t
nn)±

√
(Zg

ppY t
pp − Zg

nnY t
nn)

2 − Zg
ppZ

g
nnY t

pnY
t
np

2
.

(29)

In the modified sequence domain, the network’s impedance
is a diagonal matrix due to its symmetry. In addition, due to the
asymmetry of controller, the train’s impedance is a nondiagonal
but diagonally dominant matrix. Then, neglecting the nondi-
agonal elements of train’s impedance matrix in the modified
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Fig. 11. Comparisons of eigenvalues in different domains. (a) Comparison
between approximate eigenvalues in the modified sequence domain and accurate
eigenvalues in the dq domain. (b) Comparison between approximate eigenvalues
in the dq domain and accurate eigenvalues in the dq domain.

sequence domain, the approximate eigenvalues are defined as⎧⎨
⎩λ′

1(s) ≈ nZg
pp(s)Y

t
pp(s) = n

Zg
pp(s)

Zt
pp(s)

λ′
2(s) ≈ nZg

nn(s)Y
t
nn(s) = nZg

nn(s)
Zt

nn(s)
.

(30)

The comparison between the approximate eigenvalues in the
modified sequence domain and the accurate eigenvalues in the
dq domain is shown in Fig. 11(a), which indicates that the
nondiagonal elements of the train’s impedance matrix in the
modified sequence domain have a slight impact.

Similarly, in the dq-domain, both the train’s impedance matrix
and the network’s impedance are not diagonally dominant matri-
ces. The reason is that the coupling terms ω0L and ω0Ls have an
obvious impact on the eigenvalues in the low-frequency range.
Some references neglect the off-diagonal elements in dq-domain
[53], and then, the approximate eigenvalues are defined as⎧⎨

⎩ λ′′
1(s) ≈ nZg

dd(s)Y
t
dd(s) = n

Zg
dd(s)

Zt
dd(s)

λ′′
2(s) ≈ nZg

qq(s)Y
t
qq(s) = n

Zg
qq(s)

Zt
qq(s)

.
(31)

The comparison between the approximate eigenvalues and the
accurate eigenvalues in the dq-domain is shown in Fig. 11(b),
which indicates that the coupling terms ω0L and ω0Ls have
obvious impact on the eigenvalues in the dq-domain. Therefore,
the approximation is not suitable for analyzing the LFO.

In summary, in the modified-sequence domain, the system
can be approximately decoupled as two single input and single
output (SISO) systems, which is convenient for revealing the
impedance interaction mechanism and maintains the accuracy. It
should also be noted that although the impacts of the nondiagonal
elements on the stability analysis in the modified sequence
domain are slight, neglecting the nondiagonal elements of the
impedance ratio matrix in modified sequence domain could
cause an optimistic stability analysis result in some critical cases
[54].

To obtain the magnitude and phase information of eigenval-
ues, let s = jω, and the eigenvalues in (30) are rewritten as⎧⎨

⎩λ′
1(jω) ≈ n

|Zg
pp(jω)|

|Zt
pp(jω)|

[
∠Zg

pp(jω)− ∠Zt
pp(jω)

]
λ′

2(jω) ≈ n |Zg
nn(jω)|

|Zt
nn(jω)| [∠Zg

nn(jω)− ∠Zt
nn(jω)] .

(32)

The interactive stability of the train-network system can be
analyzed by plotting the frequency response of (32). If the phase
margins (PM) of all eigenvalues are positive, then the system is
stable [55], which conforms to{ −180◦ < ∠Zg

pp(j2πfm1)− ∠Zt
pp(j2πfm1) < 180◦

−180◦ < ∠Zg
nn(j2πfm2)− ∠Zt

nn(j2πfm2) < 180◦

(33)
where fm1 and fm2 are magnitude crossover frequencies of the
eigenvalues.

If the train-network system is a minimum phase system and
the impact of the off-diagonal elements in the train-impedance
matrix are neglected. Therefore, it is important to note that (33)
is a necessary and sufficient condition for a stable system.

It is known that the impedance of the network is passive and
its phase characteristic is always in the range –90° to +90°
[56]. The negative resistor introduced in (24) will cause the
phase characteristic of Zt

ppand Zt
nnto be out of the ±90° region,

which could cause the phases of the eigenvalues to be out of the
±180° region in some frequency ranges. This frequency range
is defined as the unstable frequency range of the eigenvalues.
With increasing numbers of energized trains in a rail depot or a
weak traction network, the magnitude crossover frequency could
move into unstable frequency range, which would then lead to a
negative PM of the train-network system, thus exciting an LFO.

According to (32), the stability of the train-network system
depends on whether the PM at the magnitude crossover fre-
quency is outside the limits of ±180° or not. In particular, the
frequency range of 1–10 Hz is mainly considered for the LFO.
The magnitudes of the eigenvalues are independently expressed
as

M1(jω) = n

∣∣Zg
pp(jω)

∣∣∣∣Zt
pp(jω)

∣∣ ,M2(jω) = n
|Zg

nn(jω)|
|Zt

nn(jω)|
. (34)

Therefore, if both M1 and M2 are smaller than 0 dB in 1–10Hz,
there will be no magnitude crossover frequencies in 1–10Hz
and the system will be stable. In other words, both reducing
the magnitude of the network impedance and increasing the
magnitude of the train impedance in the low-frequency range
are beneficial to stabilize the system.

Moreover, the phases of all eigenvalues are also independently
expressed as⎧⎨
⎩

ϕ1(jω) = arctan
[
Im(Zg

pp(jω))

Re(Zg
pp(jω))

]
− arctan

[
Im(Zt

pp(jω))

Re(Zt
pp(jω))

]
ϕ2(jω) = arctan

[
Im(Zg

nn(jω))
Re(Zg

nn(jω))

]
− arctan

[
Im(Zt

nn(jω))
Re(Zt

nn(jω))

]
.

(35)
In (35), it is interesting to see that when the total impedance

of the traction network is constant, the larger resistance part of
network impedance leads to a more stable system. In contrast,
the negative resistance of the electric train, using the same
assumption, and its range should be smaller in order to stabilize
the system. The impact of the resistance to the overall impedance
is also important in the LFO analysis.

Remark 4: The above analysis comprehensively investigated
the condition of the instability in the low-frequency region.
It relates to the equivalent impedance (including the number
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Fig. 12. Frequency responses of the eigenvalues under different KpV .

of trains), X / R (including the angle difference between the
network and converter), and the negative resistance of the train
(corresponding to the controller dynamics of trains). Moreover,
these factors explain the phenomena and characteristics of the
field measured waveforms.

B. Impact of the Electric Train

According to (32), it is a good choice to reduce the unstable
frequency range and the magnitudes of the eigenvalues to en-
hance the stability of the train-network system. In other words,
for the train-impedance, reducing its NRA and increasing its
magnitude are beneficial for suppressing the LFO. To investigate
the factors that influence the initiation of LFO in the interaction
between the traction network and the electric trains, a numerical
model for each part of this system has been reported in studies.

1) Impact of the DC-Link Voltage Controller: By (24), KpV

has a significant influence on the real part of the train impedance.
Increasing KpV will expand the NRA and slightly increase
the magnitude [21]. Therefore, KpV can be regarded as only
affecting the phase difference at the same crossover magnitude
frequency when the network impedance is fixed. In addition,
increasing KpV means that the bandwidth of the dc-link voltage
controller is increased [57]. Therefore, a wider bandwidth of
the dc-link voltage controller leads to a good dynamic response
of the dc-link voltage, on the other hand, it results in higher
potential of instability to the train-network system.

In Fig. 12, with KpV decreasing, the crossover magnitude
frequency of the eigenvalue changes just a little, while the
NRA region is significantly narrowed, which gradually reduces
the phase at the crossover magnitude frequency to less than
180°. Therefore, decreasing the bandwidth of the dc-link voltage
controller helps to stabilize the system.

2) Impact of the Current Controller: The analytic expression
in (24) also indicates that KpC dominates both the real and
imaginary parts of the train impedance. Therefore, this factor
has a significant influence on both the NRA and the magnitude
of train impedance at the same time [21]. The stability of the
train-network depends on the magnitude crossover frequency

Fig. 13. Frequency responses of the eigenvalues: (a) under different KpC ;
(b) under different KiC .

being located in the unstable frequency range or not after chang-
ing KpC . In Fig. 13(a), increasing KpC causes the crossover
frequency to move out of the unstable frequency range. In ad-
dition, in (24), the integral gain also causes negative resistance.
As seen in Fig. 13(b), increasing KiC will expand the unstable
frequency range of the eigenvalues and has a slight impact on
the magnitude.

3) Impact of the Circuit Parameters: As shown in (24), en-
hancing the dc-link capacitor Cd decreases the NRA of the
input converters, nonetheless, the imaginary part of the train
impedance is less impacted. As a result, increasing Cd reduces
the phase difference without changing the crossover magnitude
frequency of the eigenvalue, and it stabilizes the system by
means of the stability margin improvement. In Fig. 14, three
different Cd are simulated, the phase margin is changed from
negative to positive, which implies that a largerCd has a positive
impact on suppressing LFO.

On the other hand, as shown in Fig. 15, increasing the resis-
tor of the onboard transformer not only reduces the NRA by
providing a positive resistance, but also increases the crossover
magnitude frequency, which can, additionally, stabilize the LFO.

From (24), the inductance L of the onboard transformer has
a significant impact on both the real and imaginary parts of the
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Fig. 14. Frequency responses of the eigenvalues under different values of Cd.

Fig. 15. Frequency responses of the eigenvalues under different values of R.

Fig. 16. Frequency responses of the eigenvalues under different values of L.

train impedance, which means that its influence on the LFO also
depends on the magnitude crossover frequency being located
in the unstable frequency range or not after changing the L.
In Fig. 16, although increasing the inductance L of the onboard
transformer narrows the unstable frequency range, the crossover

Fig. 17. Frequency responses of the eigenvalues to different values of ST .

magnitude frequency will approach zero more quickly as L
increases, and fall back into the unstable frequency range.

4) Impact of the Total Traction Network Impedance: Accord-
ing to the model of the traction network earlier presented, the
impedance on the traction side mainly consists of the power grid,
traction transformer, and catenary line.

In a traditional power system, the short-circuit ratio (SCR) is
an indication of the system strength [58]. A more stable systems
is equipped with a larger SCR. As a corollary to this concept
in traction power systems, the SCR can also characterize the
stability of the train-network system as

SCRt =
SNetwork

STrain
=

U2
B

Zg

/
(nPTrain). (36)

In (36), SNetwork is the equivalent capacity of the traction net-
work, STrain represents the total rated capacity of the energized
electric trains, UB is the secondary voltage of the traction trans-
former, n represents the number of trains, and PTrain represents
the rated power of a single train. When the rated power of the
trains is fixed, SCRt is related to the impedances of both the
traction network and the number of trains. Increasing Zg and
n will reduce SCRt, implying that the system is more prone to
instability.

As earlier shown in the previous analysis, the traction trans-
former and catenary line impedances dominate the overall
impedance of the traction network. Increasing the capacity of the
traction transformer will decrease the impedance of the traction
network, while the impedance of the traction network in 1 ×
25 kV network is also greater than that in the AT network. There-
fore, the eigenvalue frequency responses under different ST or
different power supply modes are obtained as shown in Figs. 17
and 18. With ST increasing, the phase response stays nearly
the same, while the magnitude declines significantly. Therefore,
crossover frequency falls outside the unstable frequency range.
Similarly, although the phase characteristics of ATs are slightly
higher than the other two, magnitude characteristic of eigenval-
ues under ATs is the smallest. Thus, the phase margin is still
reduced.
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TABLE V
MAIN PARAMETERS OF THE TRAIN-NETWORK SYSTEM AND THEIR INFLUENCE ON THE SYSTEM’S IMPEDANCE AND STABILITY

Notes: “+” represents a positive influence on the indices and “−” represents a negative influence on the indices.

Fig. 18. Frequency responses of the eigenvalues under different supply modes.

5) Summary and Comments: The above analyses of the train-
network interaction system under diverse conditions depict that
the changes in the source and load subsystem parameters have
a significant impact on the LFO of the interaction system. The
main factors considered in the source subsystem are the catenary
length, short-circuit capacities of regional power grid, and the
capacity of traction transformer. The primary factors for the load
subsystem include the number, electrical parameters, and control
parameters of trains. Therefore, it can be concluded that such
changes of the main factors affect the stability of interaction
systems through changes to the system’s impedance. Moreover,
the LFO gives a measure of the system stability. These factors
and their effects are summarized in Table V, where only one
factor is changed at a time.

In addition, based on the previous discussion, the sensitivity
of factors is also qualitatively depicted in Table V. In the traction
network, the traction transformer in substation plays an impor-
tant part of the network impedance. Therefore, the capacitor and
Uk% of traction transformer in substation should be carefully
designed to avoid a weak traction network. For the parameters

Fig. 19. LFO elimination methods.

of the train, apart from the train quantities, KpV , KpC , Cd,
and R are the main influential factors on the train impedance.
However, it should be noted that the impact of changing KpC

and L on the system stability remains undefined. The smaller
the bandwidth of the dc-link voltage controller, the larger the
dc-link capacitor, and the addition of appropriate resistance to
the onboard transformer is beneficial to avoiding the LFO.

V. LFO MITIGATION APPROACHES

A. Overview of the Available LFO Elimination Approaches

As the LFO phenomenon is induced on both the traction
network and the electric train, it is possible to mitigate the
LFO via ground-based and on-board approaches. The existing
methodologies are classified in Fig. 19. The underlying principle
of these suppression methods is to reshape the impedance of the
train-network system.

On the network side, Wang et al. [8] proposed either voltage
stabilizers installed in the substations or a upgraded capacity
of the traction transformer. Liu et al. [59] and Wu et al. [60]
proposed the addition of an active compensator to a substation.
On the other hand, for the train part of the system, the influence
of train number and the controller parameters are the main
considerations. Reducing the number of trains connected to the
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TABLE VI
SYSTEM PARAMETERS IN XUZHOU TSS

catenary can decrease the severity of LFO, but it results in the
loss of capacity and flexibility of the transport system. Thus,
this method can only be applied only as a temporary emergency
intervention. Alternative techniques can be divided into four
categories, which are the adjustment of the controller parameters
[61], virtual-impedance-based methods [21], passivity-based
methods [62], and new nonlinear control strategies [63].

Because all of the aforementioned propositions require sub-
stantial investments and alterations in the existing traction sys-
tem infrastructure. In addition, demanding efforts are required
for the controller design of the train-network system. As a
result, effective and less invasive methods for mitigating LFO
are yet to be realized. Therefore, further investigations are still
needed to achieve effective LFO mitigation with the minimal
modifications to the existing train-network system.

B. Mitigation Cases in Ground-Based Approaches

1) Grid Enhancement: It can be concluded that the
impedance of a traction transformer is the dominant parameter
on the traction network side. Therefore, reducing the short-
circuit voltage ratio and increasing the capacity of the trans-
former are effective in decreasing its impedance. For instance,
the case of addressing LFO problems in the Xuzhou TSS,
effective results have been achieved by increasing the capacity
of the transformer from 31.5 to 50 MVA and reducing the
short-circuit voltage percentage of the transformer from 10.5%
to 8.4%. The main parameters of the Xuzhou TSS are shown
in Table VI. Before the transformer capacity was increased,
the maximum number of the accepted energized trains was
approximately 6. Under this condition, the SCRt of the Xuzhou
TSS was approximately 1.69. For further clarity, consider the
case of keeping the energized train number fixed, after changing
the transformer, the SCRt increases to 2.5, which indicates that
the accepted train number is almost doubled.

After the updated transformer was commissioned, field tests
indicated that the traction network was enhanced to support the
simultaneous energizing of 13 trains at the rail depot. These
results are illustrated in Fig. 20.

2) Installation of Additional Devices: According to the mea-
sured waveforms of the LFO, it is seen that the active and reactive
powers fluctuate periodically. Therefore, some research works
introduced the static synchronous compensator (STATCOM) to
dynamically compensate the reactive power of the train-network
system [59]. In fact, the STATCOM, similar to an active damper
[64], modifies the effective impedance of the traction network
system. Similarly, the active power filter (APF) can be also

Fig. 20. Grid enhancement for eliminating LFO.

Fig. 21. Additional devices for eliminating LFO.

Fig. 22. Additional damping controller for suppressing the LFO.

used to change the impedance of the traction network and
compensate the harmonics [60]. These additional devices are
usually connected to the traction station as shown in Fig. 21.

Alternatively, some additional damping control schemes are
introduced to regulate the operation of these compensating de-
vices in order to provide controlled damping [65], [66]. The
additional damping controller typically includes the detection
and calculation of the compensation current. Fig. 22 shows
a basic scheme to extract the low-frequency component and
calculate the compensation current for the provision of enhanced
damping characteristics in the train-network system [67].

These compensators achieve dynamic compensation by de-
tecting the real-time variations to voltage and current refer-
ences. Therefore, they have no impact when system works under
normal, steady-state conditions. Nonetheless, their complicated
structure and high cost limit their practical applications. Addi-
tionally, the design of their controller for the suppression LFO
introduce further instability problems.

C. Mitigation Approaches in On-Board Controllers

1) Optimization of the Parameters of the Controllers: As
discussed in the previous section, tuning of the controller pa-
rameters can enhance the dynamic performance and stability
of the interaction system for multiple trains in a light-loading
working condition. This contributes to realizing the matching
relation between the controller and the controlled plant. This
result can then be further extended for effective and economic



HU et al.: LOW-FREQUENCY OSCILLATION IN ELECTRIC RAILWAY DEPOT: A COMPREHENSIVE REVIEW 309

Fig. 23. (a) Schematic diagram of series virtual impedance. (b) Block diagram
of the current feedback [21].

suppression, providing the effect of mitigating the LFO in an ac
electrified railway. The detailed influence laws are summarized
in Table VI, which provides a useful reference for tuning of
parameters in engineering applications. In summary, parameters
optimization is an easy and low-cost suppression method for
LFO. However, the requirements for good dynamic performance
of electric trains limit the selected range of these parameters.

2) Virtual-Impedance-Based Suppression: In Fig. 15, when
the input resistance increases, the oscillation frequency shifts
to the right-half plane and the unstable frequency range reduces
accordingly to enhance the system stability. However, increasing
the input resistance also results in higher power losses.

To enhance the controllability for reshaping the impedance
of the converter and to reduce the power loss of the real
impedance, the virtual impedance-based suppression method
was developed. The virtual impedance can provide the expected
impedance of the train in any frequency range by designing a
feedback loop or feed-forward loop [68]. In addition, it avoids an
actual power loss and gives a physical insight into the different
feedback/feed-forward control loops [69]. In general, series and
parallel virtual impedances are the two main methods, as shown
in Fig. 23(a). However, as mentioned in the previous section,
higher magnitude and narrower range of the NRA are expected.
So, a series virtual impedance in the form of Rvir + jXvir

(where Rvir > 0 and Xvir > 0) for the train impedance is suit-
able for suppressing the LFO.

Different feedback functions can achieve the desired compen-
sation effects. A positive resistance in the low-frequency range is
to compensate the negative resistance, and a positive reactance is
initiated to increase the magnitude in low-frequency range. Zhou
et al. [21] proposed a proportional-differential (P-D) feedback
function of the current that is presented

Gvir(s) = Gvir_D(s) +Gvir_P (s) (37)

where Gvir_D(s) = −kd · s · ωc

s+ωc
,Gvir_P(s) = −kp.

From Fig. 23 and Fig. 24, the P-D feedback function of the
current achieves a narrower NRA and a larger impedance of
the train in the low-frequency range. However, the additional
feedback or forward back loop will change the original structure

Fig. 24. Train impedance with/without P-D feedback of current.

of the controller, which may influence the dynamic performance
of the converter. Therefore, the balance between the system sta-
bility and system dynamic performance still requires significant
consideration. This informs the process of the parameter tuning
and the self-adaption of the virtual-impedance-based control.

3) Passivity-Based Suppression Methods: Suppose that the
electric train has a passive impedance behavior; the train-
network system is guaranteed to be stable regardless of the num-
ber of trains, because the traction network consists of passive
components [56], [70]. The energy function of the train can be
expressed by the input voltage and input current as [32]

W =
1

2π

∫ ∞

−∞
Re

[
udi

∗
d + uqi

∗
q

]
dω (38)

where Re[udi
∗
d + uqi

∗
q] =

1
2I

H [Zc
dq + (Zc

dq)
H]︸ ︷︷ ︸

H

I.

Based on the dq impedance in (23), matrix H is expressed as

H =

[
2Re(Zc

dd) (Zc
dq + Zc∗

qd)
∗

Zc
dq + Zc∗

qd 2Re(Zc
qq)

]
≈

[
2Re(Zc

dd) 0
0 2Re(Zc

qq)

]
.

(39)
To keep the passivity behavior of the electric train, the matrix

H should be a positive definite matrix [71], which means that the
eigenvalues of (39) are always larger than zero in all frequency
ranges.

However, due to the negative resistance behavior, (39) will not
hold in the low-frequency range. Apart from passivity control
based on the nonliner theory, Hu et al. [62] proposed utilizing
the diode-bridge rectification mode to change the impedance
of the 4QC in real time. Fig. 25 shows that the DBR mode
is analogous to the normal mode in circuit structure. From
Fig. 26(a), the equivalent impedance of the train in DBR mode
is passive. Combating the real-time detection approaches of the
LFO proposed in the previous section, as seen in Fig. 26(b),
this method can effectively suppress voltage fluctuations of the
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Fig. 25. Circuit structure of the two modes of the traction network. (a) Normal
mode. (b) DBR mode.

TABLE VII
COMPARISON OF TECHNOLOGIES FOR SUPPRESSING LFO

traction network, while it avoids traction atresia and protection
malfunction.

4) Nonlinear Control: As discussed in the previous sections,
the LFO is mainly caused by the dc-link voltage PI controller.
Therefore, in order to avoid the disadvantages associated with
linear controllers, some nonlinear controllers have been investi-
gated for application to the train. These include autodisturbance
rejection control (ADRC) [63], model predictive control [72]
and interconnection, and damping assignment passivity-based
control (IDA-PBC) [73]. These advanced control methods elim-
inate the impact of the dc-link voltage PI controller and enhance
the robustness of the train. However, due to the complexity of
these nonlinear controllers, their industrial applications are still
largely limited.

D. Summary and Comments

The aforediscussed elimination approaches and their per-
formances can be summarized in Table VII. Both the
low-impedance transformers in the TSS and compensating de-
vices, such as STATCOM, APF, have a high cost requirement.
For example, the cost of increasing the capacity from 31.5 to
50 MVA is about 8 million RMB (USD 1.13 million). The low-
impedance transformer has excellent suppression effect and does
not introduce extraneous instability challenges. These devices
can achieve dynamic compensation by detecting variations in
the real-time voltages and currents.

On the other hand, the cost of control parameters optimization
is relatively low and attractive to industry. For instance, in 2013
and 2014, the Shanghai Railway Bureau organized technicians
of Alstom to adjust the control parameters to suppress the LFO.
Nonetheless, due to the constraints on the range of parameter
variation, this approach has unsatisfactory mitigation results.
Thus, to maximize the equivalent impedance of the electric

Fig. 26. Passivity-based method for eliminating the LFO. (a) Input impedance
of the train under different mode. (b) Waveforms of changing operation mode
of the train when the LFO arises [62].

train, the operation mode adjustment based on passivity theory
is presently used by the Shanghai Railway Bureau.

Both the virtual impedance-based method and the nonlinear
controllers aim to modify the structure of the train controller. The
control parameters are fixed in the train’s controller. When LFO
occurs, the parameters cannot by easily modified in real time.
Therefore, these methods can be combined with self-adaption
methods to achieve the suppression of LFOs in real time [61].

VI. STANDARDS, DISCUSSION, AND RECOMMENDATIONS

A. Standards

The standard EN50388-2012 [74], which added new re-
quirements from its previous version in 2005. For instance, it
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described and classified the root causes of overvoltage events in
the ac or dc electrified railways for oscillation (or instability) and
harmonic problems. In EN50388-2012, the ac line voltage and
current show an amplitude and phase modulation. The typical
modulation frequency is from 10%–30% of the fundamental
frequency. It is caused by the interaction between a four-quadrant
converter train and the supply systems. The standard limits the
voltage for ac 25 kV@50 Hz at a voltage range of 23–31 kV.

It is required to characterize or limit the input impedance of
the train. For the high-frequency harmonic instability, it requires
the fifth harmonic of the input impedance passively [75]. The
low-frequency instability problem in EN50388-2012 for 4QC,
the active and/or passive RLC are dependent on frequency and
control. But for the remaining types of electric trains (diode
rectifier, thyristor rectifier, and so on), passive RL is required
when the frequency exceeds the fundamental frequency.

As seen from (24), the passivity of the train at all frequencies is
impossible when the control structure and control method is not
changed. The reason is in the dq-framework, when the frequency
tends to zero (the frequency tends to fundamental frequency
in αβ framework), the negative resistance tends to infinity.
Additionally, the previous discussions have demonstrated that
the negative resistance is caused largely by the PI controller of
the dc-link voltage and the integral gain of the CC. Thus, it is
possible to select the small bandwidth of the DVC to shorten the
negative resistor region. Since the frequency range of the LFO
is normally 1–10 Hz and considering the dynamic performance,
the bandwidth of dc-link voltage controller is recommended to
be smaller than 5 Hz. Moreover, a higher impedance magnitude
is necessary in the NRA. Alternatively, the traction network
can support a part of the positive resistance that stabilizes the
train-network system.

B. Recommendations

In the train-network system, a fair balance should be struck
between tradeoff of weak/strong Xs/Rs grid and characters
of the output impedance of the electric trains. Therefore, in
order to mitigate the LFO, the following recommendations are
presented.

1) Traction Network: The traction network plays an impor-
tant role in the excitation of LFO. The main concern is having
a strong grid that prevents LFO and other instability problems.
Therefore, it is beneficial to strengthen the system to accom-
modate rated or higher number of electric trains that comply
with the standard aforedescribed. A traction-network’s SCRt

greater than 2 is recommended. In addition, while maintaining
the recommended SCRt, the Xs/Rs of the network system
should be reduced by increasing the resistance of the traction
network in the range of acceptable power losses.

2) Electric Trains: For the electric train, the priority should
be to limit the negative resistance caused by the dc-link voltage.
According to standard EN50388-2012, it requires that the elec-
tric train is passive in the frequency range above fundamental
frequency. However, in (23), this goal is not attainable without
a change in control technique. Therefore, to keep NRA as
small as possible in the low-frequency range of 1 to 10 Hz,

it is recommended that the bandwidth of the dc-link voltage PI
controller is set smaller than 5 Hz.

To better avoid the LFO, more detailed design procedure
should be followed. For instance, if SCRt, the expected en-
ergized train quantity and the rated power of each train are
known, the total equivalent impedance can be calculated by (36).
Considering the worst-case scenario, the traction network can be
regarded as pure inductance in the low-frequency range. Hence,
the equivalent inductance can be expressed as

Lg
equ =

Xs

2πf0
. (40)

In the modified sequence domain, the impedance of the trac-
tion network is obtained as

Zg
pp_equ(jω) = j(ω + ω0)L

g
equ. (41)

To avoid the magnitude crossover frequency of the eigenval-
ues in (30), the magnitude of the train impedance in the modified
sequence domain should satisfy the following:∣∣Zt

pp(jω)
∣∣ > np

∣∣(ω + ω0)L
g
equ

∣∣ , ω = 2πf, f ∈ [1Hz, 10Hz] .
(42)

Furthermore, (42) can be further written as∣∣Zt
pp(jω)

∣∣ > max
[
np

∣∣(ω + ω0)L
g
equ

∣∣] = np
∣∣120πLg

equ

∣∣ .
(43)

Therefore, the maximum value in (43) depends on the selected
frequency range. For example, the worst case in Table III is
SCRt = 1.07, where n=7 and p=10, then the equivalent induc-
tance is approximately 0.258 mH on the secondary on-board
traction transformer. When seven trains are put into service, in
order to avoid intrusive negative effects, the input impedance
of one 4QC should be larger than 36.6 dB in the frequency
range of 1–10 Hz. This is a conservative estimate of the train
impedance. Therefore, it is necessary to provide more realistic
values based on industrial applications based and specifications
for the ac grid-converter system [76], [77]. Moreover, accurate
train-network impedance measurements [31], [78] will facilitate
the impedance identification process and further development of
related standards.

C. Difference From Other Stability Problems

The LFO is a type of small-signal instability issue in the
power-electronics-tied grid system, behaving as a low-frequency
(from 0.5 to 10 Hz) oscillation around the fundamental fre-
quency and manifests as two coupled interharmonics f0±fosc.
Moreover, similar subsynchronous oscillation and LFO have
been reported in the interaction of renewable energy sources
and the power grid [79]. The oscillatory conditions are similar,
with a weak grid and multiple power electronic converters.
The difference is the oscillatory frequency (20–70 Hz) and
operation mode of the converter (inverter or rectifier). For the
grid-connected inverter, the low-frequency instability is mainly
caused by PLL, and the DVC causes the instability problem in
low-frequency range for rectifier [70].

Another type of LFO (< 3Hz) and subsynchronous oscilla-
tion (< 50 Hz) occurred in the traditional power system be-
tween generators, grid (or series-capacitor compensation), and
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power electronics. In addition, the generator-induced sub/super-
synchronous oscillation is excited if the subsynchronous-
frequency mode has a frequency that is close to a torsional
mode of a remote synchronous generator in which the torsional
interactions occurs [80].

The low-frequency instability occurrence also differ from the
high-frequency instability around the switching frequency or
Nyquist frequency (e.g., from 500 to 2500 Hz for the electric
train), as a result of fast current control loop, time delay, or
network harmonic resonance condition [29]. It is noteworthy
that these oscillations have shared common features that are
easily set-off in a weak-grid environment.

VII. CONCLUSION

This article discussed the phenomena, modeling, mechanism,
and mitigation approaches of the LFO in the electric railway
system. It has been illustrated that both the PI controller of the
dc-link voltage and the integral gain of the current controller will
cause negative resistance. In addition, the dc-link voltage control
causes an asymmetry in the train’s controller. Under weak grid
or multiple-connected trains condition, the negative resistance
causes LFO, and the asymmetric control structure leads to the
frequency coupling.

In terms of impedance-based analysis, the design recommen-
dations for enhancing the stability of the train-network system
are summarized as follows.

1) Considering number of energized trains, SCRt of the trac-
tion network should be≥ 2. In addition, while maintaining
the specified SCRt, Xs/Rs ratio of the network system
should be reduced by increasing the resistance of the
traction network within the range of acceptable power
losses.

2) The bandwidth of the dc-link voltage PI controller of the
train is recommended to set < 5 Hz to reduce the negative
resistance range. In addition, a conservative estimation of
the magnitude limits within 1–10 Hz is also presented to
avoid LFO.
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